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1. Introduction 
In [4], Gilmer and Heinzer introduced the concepts of N-ring, N-domain, and N- 
domain for overrings: A ring R (always commutative with unity) is called an ‘N- 
ring’ if, for every ideal I of R, there is a Noetherian ring T containing R (with the 
same unity) from which Z is contracted, i.e., for which IT n R = I. If R and the T’s 
are required to be domains, then R is an ‘N-domain’; and if in addition the T’s are 
required to be contained in the quotient field of R, then R is an ‘N-domain for over- 
rings’. The paper [4] studied the question of whether an N-domain for overrings was 
always Noetherian. It proved the answer was “Yes” if the dimension of the N- 
domain for overrings was 1, but on the other hand it displayed N-rings which are 
not Noetherian. 
An example due to Hochster is described in [6]; it is a one-dimensional, quasilocal 
domain which is an N-ring but is not Noetherian. But despite a large number of 
positive results on these rings in [4] and a characterization of N-rings in [a], the 
question above still lacks a general answer. In Section 2 of the present paper we pro- 
vide variants of Hochster’s example to show that a domain which is an N-ring need 
not be an N-domain, and that a two-dimensional, quasilocal domain which is an N- 
ring need not be Noetherian. (We also see that another natural way to raise the 
dimension in Hochster’s example results in a loss of the N-ring property.) 
Several results of [4] show that an N-domain is a subring of Noetherian domains 
in natural ways. In Section 3 we provide some conditions under which the 
Noetherian property descends in such embeddings. For instance, a locally finite in- 
tersection of one-dimensional local domains is Noetherian if the residue field exten- 
sions are all finite. And an intersection R of a field and a one-dimensional local 
domain T is Noetherian if the residue field of T is finite over that of R; while the 
integral closure of R is Noetherian if the residue field extension is algebraic. The 
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section also includes several results on Noetherian descent based on Nishimura’s 
theorem on Noetherian Krull domains. 
Section 4 relates the concept of a ‘Mori’ domain (i.e., one in which the divisorial 
ideals satisfy the ascending chain condition) to the hierarchy of Laskerian domains 
and N-domains. We conclude with some comments and open questions on N-rings 
and N-domains. 
Again, all rings are commutative with unity and all subrings and ring extensions 
share the unity. The symbol < between sets means proper set inclusion. 
2. Variations on a theme by Hocbster 
An immediate consequence of Theorem 2.3 and Lemma 2.2 of [6] is: 
2.1. Proposition. (a) A zero-dimensional ring R is an N-ring if and only if there is 
an ideal I for which I2 =0 and R/I is Noetherian. 
(b) A one-dimensional domain R is an N-ring if and only if, for each nonzero 
element b of R, there is an ideal I for which I2 is contained in bR and R/I is 
Noetherian. 
Using part (b), Professor Melvin Hochster showed us a l-dimensional, quasilocal 
domain which is an N-ring but is not Noetherian; this domain is described in [6]. 
We do not know whether some variant of this domain (or indeed any domain) is 
a non-Noetherian N-domain; but we provide a variant of Hochster’s construction 
which yields a domain which is an N-ring but not an N-domain, and then we see 
that Hochster’s example is itself not an N-domain in many cases. These are the first 
examples of which we are aware that distinguish between the class of N-domains and 
the class of domains which are N-rings. 
2.2. Example of a one-dimensional, quasilocal domain which is an N-ring but not 
an N-domain. Let S be the set of rational numbers of the form n+ (m/2”) where 
n is any nonnegative integer and m = 0, 1,2, . . . , 2” - 1. Write the elements of S in in- 
creasing order s(O) c s( 1) c s(2) < -a - , and let S,, = {s(m) -s(n): m 1 n) (so that 
So = S). Then the sets S, are submonoids of the nonegative rationals under addi- 
tion. Let k0 < kr < k2 < ... be fields, with each k, + 1 a finite (algebraic) extension of 
k,; and let X be an indeterminate. Let R, denote the set of infinite formal sums 
C aSXs where s runs over S,, and, if s =s(m) -s(n), then a, is in k,. Since each S, 
is well-ordered, each R, becomes a domain under the usual operations; the desired 
example is R0 = R. 
To see that R has the desired properties, we note first that, if g= C asXs in R, 
has nonzero ‘constant term’ ao, then it is a unit; for, we can write it in the form 
g = ao(l -h) where h has zero constant term, and so g-’ =ai’(l + h + h2 + .s.) is an 
element of R,. Now the ideal I, of R consisting of all sums C asXs with a, = 0 for 
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se(n) is just X N”)R,. Thus if f in R has ‘order’ s(n) (i.e., Xs(@ is the smallest 
power of X in f with a nonzero coefficient), then f=X”“‘)g for some unit g in R,, 
and so f’Zi = X_s(n)g_lX2S(“) Z?, =X4”)& = Z, < R, i.e., Zi < fR. It follows that (1) 
every nonzero principal ideal of R contains a power of every nonunit in R, so that 
R is one-dimensional quasilocal; and (2) R satisfies the condition of Proposition 
2.1(b) - R/Z,, is a finite-dimensional vector space over kO, so it is Noetherian - so 
R is an N-ring. 
Finally, to see R is not an N-domain, note that X is a nonunit in some valuation 
overring V of R. The elements X”‘, X1”, X1’*, . . . of the quotient field of R are 
also in V, so I/ is not discrete. But by [4, Theorem 3.111, the integral closure of a 
one-dimensional N-domain is a Dedekind domain, so all its valuation overrings are 
discrete. Thus R is not an N-domain. Cl 
Hochster’s original construction was similar; the monoids S and Sn were re- 
placed by the nonnegative integers. (A consequence is that the integral closure of 
Hochster’s construction is a discrete rank one valuation ring, while the integral 
closure of the domain of Example 2.2 is not Noetherian.) Both versions use strongly 
the finite extensions k,,/ko, a fact which suggests the following question: If (R, M) 
is a l-dimensional, quasilocal domain which is an N-ring, and R/A4 is algebraically 
closed, must R be Noetherian? (Cf. Remark 3.2.) 
To see that the Hochster example itself is not an N-domain when k, is perfect, 
we use the following: 
2.3. Lemma. Let A be a (Noetherian) local domain having an integral extension A’ 
in its quotient field which is also quasilocal with the same residue field F. Suppose 
kc k’ are fields with k contained in A, k’ in A’, k perfect, and k’ algebraic over k. 
Then k’ is contained in A. 
Proof. Let A* denote the completion of A. Then by [13, p. 205, (2&J), Theorem 
601, A* contains an isomorphic copy F* of F, which can be chosen to contain k 
because k is perfect. Now nonzero elements of A are nonzerodivisors in A*, so the 
total quotient ring of A* contains a copy of the quotient field of A; thus A*[A’] and 
F*[k’] are subrings of the total quotient ring of A*. We want to show F*[k’] has 
no zerodivisors, so that it is a field. Let b be in k’; then A[b] lies between A and 
A‘, so it is local, and hence its completion A*[b] is also local. Since b is separable 
algebraic over k, F*[b] is a direct product of finitely many fields, one for each ir- 
reducible factor of the minimal polynomial of b over F*, each generated by an idem- 
potent. Since the local ring A*[b] has no nontrivial idempotents, F*[b] is a field. 
Now pick a maximal ideal of A*[A’] lying over the maximal ideal of A* (and hence 
over the maximal ideals of A, A’ also), and let f denote the canonical surjection onto 
the residue field. Now b and some element of F* are taken by f to the same element 
of F, but f is injective on the field F*[b], so b is in F*. Since A* is faithfully flat 
over A and b is in the quotient field L of A, we see that b is in A*n L = A. 0 
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2.4. Proposition. Let k0 < kl < k2 < a.a be fields with k0 perfect and k,, + 1/k,, finite, 
and X be an indeterminate. Then the Hochster domain, consisting of all power 
series C a,X” with a,, in k,, for all n, is not an N-domain. In fact, none of its 
nonzero nonunit principal ideals are contracted from a Noetherian domain. 
Proof. Let R be the Hochster domain and K its quotient field. Assume, by way of 
contradiction, that the nonzero nonunit ideal bR is contracted from the Noetherian 
domain T. (By [4, Proposition 3.21, this means TnK= R.) Since bT has a finite 
primary decomposition, we may assume T has only finitely many maximal ideals 
M. Let k’ denote the union of the fields k,; then T[k’] is integral over T, so there 
are only finitely many primes M’ (necessarily maximals) of T[k’] lying over each M, 
and each T[k’]/M’ is a finite extension of T/M [14(33.10) (2)]. Now T[k’] is the 
union of the domains T[k,J, so, by the finiteness just noted, we can find k, (ab- 
breviated k) for which T[k’] has only one maximal ideal M lying over each maximal 
ideal of T[k] and for each M’, T[k’]/M’= T[k]/(M’n T[k]). Let A, A’ denote the 
localizations of T[k], T[k’] at the complement of M’n T[k’] (so that A’= T[k’lMr), 
and apply the lemma. (Since k is algebraic over kO, k is also perfect.) We see that 
k’ is contained in A, and since this is true for every localization A of T[k], we get 
k’ is contained in T[k]. But T[k] is finite over T, generated as a module by elements 
of the quotient field of R, and their common denominator is a nonzero conductor 
element of R[k’] into R (using TfJ K= R. But it is clear from the construction of 
R that none of its nonzero elements multiply k’ into R; so we have the desired 
contradiction. Cl 
This proof does not depend strongly on the form of R. Let us try to isolate the 
essential hypotheses: Let (R, M) be a one-dimensional quasilocal domain with 
quotient field K. Assume that the residue field k0 of R is perfect and that R con- 
tains a copy of kO. Then we can almost repeat the proof above, with the roles of 
k’ and k played by the algebraic closure of k0 in K and a suitably chosen finite ex- 
tension of k0 in K, respectively. It is only for the last sentence that we need to 
assume in addition that R is an N-ring and k’ is an infinite extension of kO. The 
result then follows from: 
Fact. Let (R, M) be quasilocal domain which contains a copy of its residue field ko. 
Suppose the algebraic closure k’ of k0 in the quotient field of R is infinite over ko. 
If the conductor of R[k’] into R is nonzero, then R is not an N-ring. 
The proof of this fact is essentially the same as the of [4, Example 3.161. If the 
conductor of k’+MR[k’] into R = k + M is nonzero, then R fails to satisfy ‘DCC 
on colons’ and so is not an N-ring [4, Corollary 2.81. 
It is natural to try to raise the dimension in these constructions by using more in- 
determinates. The challenge is then to show that the N-ring property is preserved. 
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2.5. Example of a two-dimensional, quasilocal domain which is an N-ring but is not 
Noetherian. Let k0 < ki c k2 C -.a be field with each k,, + , /k,, finite, and let X, Y be 
indeterminates. Let R be the set of elements f of the union of the formal power 
series rings k,[[X, Y]] such that, for each nonnegative integer m, all the coeffi- 
cients of the degree m form of f are in k,,,. Then R is the desired domain: Since 
k,/k, is finite, each element of k,[[X, Y]] is integral over ko[[X, Y]] and hence over 
R; and R’, the union of the rings k,[[X, Y]], is integrally closed, so R’ is the 
integral closure of R. Since R’ is integral over k,[[X, Y]], dim R = dim R’= 
dim ko[[X, Y]] =2. Also, if we choose a” from k,- k,_ 1 for each n > 0, then the 
ideal of R generated by the elements a,X” is not finitely generated, so R is not 
Noetherian. 
It remains to show that R is an N-ring. We will show that R is Laskerian (i.e., 
every ideal in R is a finite intersection of primary ideals) and that each factor ring 
of R by a primary ideal has a Noetherian extension; the fact that R is an N-ring will 
then follow from [4, Theorem 2.21. To see that R is Laskerian, we use the conditions 
of [5, Corollary 2.21: We must show that R has Noetherian spectrum and that, for 
any ideal I of R and minimal prime P of I, there is an element g of R-P for which 
I : g is P-primary. 
To this end, we note first that R’ is a UFD: The number of factors in the prime 
factorization in k,[[X, Y]] of an element f of k[[X, Y]] (mrn) is bounded by the 
order of f (the lowest degree of a nonzero term); so for sufficiently large m, the 
prime factorization off in k,[[X, Y]] is a prime factorization in R’, unique up to 
order and unit factors. Next, we show that, for any height one prime P of R, R’ is 
contained in Rp: Pick a kO-linear combination of X and Y (which we may assume 
to be X) not in P; then for any element g of R’, we can find a power X” of X for 
which X”g is in R, so R’ is contained in Rp. It follows that RP is a localization of 
R’ at a height one prime, so that R’ has only one prime lying over P. Thus, R has 
Noetherian spectrum. It also follows that each such R, is a discrete valuation ring, 
so that any factor ring of R by an ideal primary for a height one prime has a 
Noetherian extension ring. (The case of an ideal primary for the maximal ideal is 
handled below .) 
To complete the proof that R is Laskerian, take an ideal I of R and a minimal 
prime P of I. If P is the maximal ideal M of R, or if P= 0, then I= I: 1 is P-primary; 
so assume P has height one. Now for a nonzero element f of R, if d is the order 
off, then @VR’nR) is contained infR. (The proof of this containment is a two- 
variable version of Gauss’ lemma: Suppose g in R’ is such that fg is in R. Then we 
claim Mdg is in R; for, if not, there is a term bX” Ym in g of smallest total degree 
n + m and smallest X-degree n within the degree n + m form for which b is not in 
k n+ m +d. But then some coefficient of the degree n + m + d form of fg is not in 
k n+m+d, and hence fg is not in R, a contradiction.) 
Moreover, since R’ is a UFD, fR’ is a finite intersection of ideals primary for 
height one primes. So if we choose f from I so that IRp=fRp, then we can write 
fR’ = Qn J where Q is primary for PR, fl R’ and J is an intersection of ideals 
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primary for other height one primes. Pick gl in JnR and g2 in Md, neither in P, 
and set g=glg2. Then for h in IRpn R, we have hgl infR’nR, so hg is in fR and 
hence in I. Thus IRpn R is contained in I : g, and the reverse containment follows 
because g is not in P. Thus I : g = ZRP fl R is P-primary. 
It remains to show that, if lis primary for A4, then R/Z has a Noetherian extension 
ring. In fact, we will use Proposition 2.1(a) to see R/I is an N-ring: We can find 
an integer d for which all the elements XdsiYj for j= 0, . . . , d are in I. Denoting by 
J the set of elements of R of order at least d, we note that R/Jis a finite-dimensional 
J+vector space and so is Noetherian; so if we can show J2 is contained in I, then 
it will follow that R/I is an N-ring. But the product of two monomials in R of total 
degrees at least d is divisible in R by one of the elements Xd-jYj (i.e., its coeffi- 
cient is in k, where n is the sum of degrees of the monomials minus d), so this pro- 
duct is in I. Cl 
We do not know whether the above construction with three or more indeter- 
minates is an N-ring; but if so, it is likely that a new proof will be needed, since the 
one given above relies heavily on two-dimensionality. 
Let k,<k,<k,<... be as above, k be their union, and X be an indeterminate. 
Then a domain which is an N-ring but neither Noetherian nor quasilocal is the ring 
R of polynomials in k[X] for which the coefficient of X” is in k,. (Since R has 
dimension one and Noetherian spectrum, it is Laskerian, so we can check locally: 
Localizations at any prime except P = R n Xk[X] contain k[X], and RP is an N-ring 
by Proposition 2.1(b).) But one natural way of adding indeterminates in a 
polynomial version of Hochster’s construction destroys the N-ring property: 
Note. Let ko<kl<kZ<.-- be fields with union k and X, Y be indeterminates. Let 
R be the ring of polynomials in k[X, Y] such that when written as a polynomial in 
Y, the coefficient of each Y” is in k,[X]. Then there is an ideal of R having in- 
finitely many (Bourbaki-weakly) associated primes, and hence R is not an N-ring. 
TO see this, for each positive integer j, pick aj in kj - kj_ 1 and Rj in ko[X] ir- 
reducible (and not associate to pi for i< j); and let I denote the ideal of R 
generated Y and the elements PjPj Yj, j = 1,2, . . . . Then aj Yj $ I (assume the con- 
trary, equate coefficients of Y’, and use the fact that aj is not in kj_1 to reach a 
contradiction), so I: aj Yj# R. But Y and Pj are in this colon ideal, so its minimal 
primes are maximal ideals, different for every j; and all these maximals are 
associated primes of I. Cl 
By [6, Corollary 2.41, a finite integral extension of an N-ring is an N-ring. We 
show by example that the hypotheses of this result are needed: (1) If R, denotes 
Hochster’s construction and k the union of the fields k,, then the intersection T of 
k. + Xk[[X]J with the quotient field of R1 is integral over R, but not an N-ring by 
[6, Proposition 3.21. (2) Let kock, c k2< ... and X, Y be as in Example 2.3, and let 
R, denote the set of polynomials in X, Y in which all coefficients of the degree r~ 
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form are in k,, for each n. Then R2 is an N-ring, but the finitely generated exten- 
sion R2[ Y/X] is isomorphic to the domain of the note above and so is not an N- 
ring. 
We close this section with two related results: 
2.6. Remark. Let R be a I-dimensional domain which is an N-ring but not 
Noetherian, and x be an element of afield containing R. Then R[x] is an N-ring iff 
dim R[x] = 1. (In fact, if dim R[x] 12, then R[x] is not even a ‘ZD-ring’, i.e., there 
is an ideal I of R[x] for which the set of zerodivisors on R[x]/Z is not a finite union 
of primes.) 
Proof. If x is transcendental over R, then R[x] is not a ZD-ring by [9]; so we may 
assume x is algebraic over R. If dim R[x] 2 2, then for some maximal ideal M of R, 
M generates a prime in R[x] which is properly contained in infinitely many maximal 
ideals P of R[x]. By [4, Lemma 3.71 every such P consists of zerodivisors on bR[x] 
for any b in M- 0; so R[x] is not a ZD-ring. But if dim R[x] = 1, then since any 
nonzero ideal of R[x] meets R nontrivially, it is easy to see that the condition of Pro- 
position 2.1(b) rises from R to R[x]. Cl 
2.1. Remark. Let R be a Laskerian domain in which no maximal ideal is an 
associated prime of a principal ideal. If R [x] is Laskerian for every x in the quotient 
field of R, then R is Noetherian. 
Proof. By [l, Theorem 4.31, it suffices to show that each maximal ideal M of R is 
finitely generated. Pick b, c in M so that c is in no associated prime of (6) (i.e., c 
is not a zerodivisor on R/(b); i.e., (b) n (c) = (bc)), and set x= b/c. Then the map 
from R[X] onto R[x] taking X to x has kernel generated by cX- b [16, Chapter I, 
Proposition 7.61, so it is contained in M[X]. If M is not finitely generated, then 
R/(b, c) = T is not Noetherian; so the tensor product of R[x] with T (over R) is 
isomorphic to the polynomial ring T[x], and so is not a ZD-ring [9]. Thus, R[x] is 
not Laskerian. 0 
Recall that an N-ring is Laskerian [4, Proposition 2.141, so this remark applies 
to N-rings. 
3. Conditions for Noetherian descent 
An N-domain whose nonzero primes have nonzero intersection is the intersection 
of its quotient field and a Noetherian domain (and has only finitely many primes) 
[4, Proposition 3.2 and Lemma 3.71. And any N-domain is an intersection of 
Noetherian local domains in such a way that a nonzero element in the N-domain 
is a nonunit in only finitely many of the local domains [4, Theorem 3.171. So the 
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search for conditions under which an N-domain is Noetherian leads us to condi- 
tions assuring descent of the Noetherian property in intersections like those above. 
As Kaplansky notes [lo, p. 791, “the full facts remain to be explored” on this topic, 
but we hope that the results in this section add a few contours to the map. 
Let { q}j be a collection of domains in a common field, and let R be the intersec- 
tion of these domains. We say that the collection is ‘locally finite’ if every nonzero 
element of R is a nonunit in at most finitely many of the 7;:. (The alternative term 
for this concept, ‘finiteness condition’, is perhaps less likely to be misunderstood, 
but it is also less common.) 
3.1. Proposition. Let {IT;:, Nj)>j be a locally finite collection of one-dimensional 
local (Noetherian) domains contained in a common field, R be their intersection, 
and Mj = Nj (7 R. If, for each i, x./;:/N, is a finite (i.e., finitely generated) R-module 
(in particular, if each Tj/Nj is a finite field), then R is Noetherian, dim R is at most 
1, and all the maximal ideals of R are of the form Mj = Nj (3 R for some i. 
Proof. Since Tj/Nj is a field integral over R/M,, the latter is a field, so Mj is a 
maximal ideal of R; so by [lo, Theorem 1 lo], the ideals Mj are precisely the 
nonzero primes. of R and dim R = 1 (or else R is a field). So we only need to show 
that, in the dimension one case, R is Noetherian. Let b be a nonzero element of R; 
then R/bR embeds in the direct sum of the rings TT;:/bq, and only finitely many of 
these summands are nonzero. Since each T is Noetherian and one-dimensional, 
?;:/bq has finite length as a q-module and hence by hypothesis as an R-module; 
so R/bR has finite length and hence is Noetherian. Thus all Mj containing b are 
finitely generated, and‘ since b was an arbitrary nonzero element of R, R is 
Noetherian. Cl 
Some hypothesis like the finiteness of K;./Nj over R is clearly necessary, for 
without it any non-Noetherian (or even non-Dedekind) Krull domain R provides a 
counterexample. In fact, for a Krull domain R, the Kronecker function ring T of 
R with respect to the v-operation is a principal ideal domain (it is Krull by its con- 
struction and Bezout by [3, (32.7)]), and T intersects the quotient field of R in R 
itself. Since R need not be Noetherian or one-dimensional, this fact illustrates the 
need for some of the hypotheses in the results below. 
Let us consider a one-dimensional local (Noetherian) domain (T, N) and a sub- 
field K of the quotient field of T, and set R = T n K. Then elements of R not in N 
are units, so M= Nn R is the unique maximal ideal of R. Given any two nonzero 
elements of M, each has a power in the R-ideal generated by the other, so dim R 
is at most 1. And if T/N is a finite R-module, then R is Noetherian: Take a nonzero 
b in M; then R/bR is a subring of T/bT, which has finite length over R, so M is 
finitely generated. Without assuming T/N is R-finite, however, we still get some 
Noetherian descent: The integral closure T’ of T is a semilocal principal ideal do- 
main [14, (33. lo)], and T’ meets K in the complete integral closure R” of R [4, 
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Lemma 3.51; so R” is also a semilocal principal ideal domain (i.e., a finite inter- 
section of discrete rank-one valuation rings). But [4, Example 3.141 shows that R” 
need not be integral over R. A necessary and sufficient condition for R” to be 
integral over R is that, for every maximal ideal M” of R”, R”/M” is integral over 
R/M. (One implication is clear. For the other, take x in R”. Using the hypothesis 
and multiplying, we get a manic polynomial f with coefficients from R such that 
f(x) is in the Jacobson radical of R”. So some power of f(x) is in the conductor of 
x into R, and xf(x)” in R gives the integral dependence of x over R. Now the 
residue fields of T’ are finite over T/N, so if T/N is integral over R/M, then the 
integral closure R” of R is Noetherian.) 
Start again with a one-dimensional local (Noetherian) domain (T, N) and K a sub- 
field of the quotient field of T. It would be interesting to know necessary and suffi- 
cient conditions for TfIK to be Noetherian. In particular, given a chain 
K,<K,<K,<..- of such subfields, with union L, is there a connection between 
such TfI Kj being Noetherian and T nL being Noetherian? From the last 
paragraph we see that a sufficient (though not necessary) condition for T n K to be 
Noetherian is that T/N be finite over its prime subfield. But it is not sufficient to 
assume that T/N is algebraic over the rationals: Let Fi, F2 be distinct subfields of 
index 2 of the algebraic closure A of the rationals. Then by [12, p. 223, Corollary 
21, F= Fi n& has infinite index in A. Let X be an indeterminate, write A [Xlcx, = 
A + N where N is the maximal ideal of this valuation ring; and set T=F, + N, 
K=&(X). Then T is a one-dimensional local Noetherian domain [3, p. 271, Exer- 
cise 8(3)], but setting M = N n K, the maximal ideal of F2[X](x), we get 
R = T fI K=F+ M, which is not Noetherian, since F has infinite index in F2. (In 
fact, since M is the conductor of F2[X](x) into R, R is not an N-ring by [6, Pro- 
position 3.11, though M and all principal ideals are contracted from Noetherian do- 
mains containing R.) 
Adding hypotheses to the general situation above, we get an affirmative answer 
to a special case of the question posed after Example 2.2. 
3.2. Remark. Let (T, N) be a one-dimensional local (Noetherian) domain with quo- 
tient field L, K be a subfield of L, R = T (7 K, M = Nn R. If L/K is algebraic, and 
the complete integral closure R” of R is integral over R, and R/A4 is of finite index 
in its algebraic closure, then R is Noetherian. 
Proof. The residue fields of the integral closure R” of R are algebraic over R/M; 
and since the integral closure T’ of T meets K in R” and L/K is algebraic, the residue 
fields of T’ are algebraic over those of R”. Thus T/N is algebraic and hence finite 
over R/M. But we saw above that this means R is Noetherian. Cl 
The hypothesis that R/M is of finite index in its algebraic closure is restrictive: 
Again, see [12, p. 223, Corollary 21. 
Next, we turn to some results inspired by Nishimura’s theorem on the Noetherian 
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property in Krull domains [ 15; 13, p. 295, Theorem 1041. Let us say that a prime 
ideal P in a domain R satisfies ‘Nishimura’s conditions’ if R/P is Noetherian and 
RP is a discrete rank one valuation ring. Recall that, for any prime P in a domain 
R and positive integer e, the ath symbolic power of P is Pte) = PeRpn R. 
3.3. Lemma. Let R be a domain in which each principal ideal is the intersection of 
finitely many primary ideals. If a prime ideal P in R satisfies Nishimura’s con- 
ditions, then R/PceJ is Noetherian for every positive integer e. 
Proof. Let b be an element of P which generates PRp, and write bR = Pn I where 
I is an intersection of primary ideals whose radicals are distinct from P. Pick c in 
I-P and set x= b/c. Then we claim xeR[x] fl R G Pte), with equality if e= 1: For the 
containment, we need only note that PeRp is the set of elements in the valuation 
ring RP of value at least e; and since x has value 1, every element of XeR[x] has 
value at least e. On the other hand, if d is an element of P, then by our choice of 
c, cd is in bR, so d/x is in R, so d is in XR and so in xR[x] n R. 
Then xeR[x]/xe+ ’ R[x] z R[x]/xR[x] = (R +xR[x])/xR[x] = R/(xR[x] 0 R) = R/P, 
so by induction and the short exact sequence 
we see that R[x]/xeR[x] is Noetherian. Since this ring is generated over its subring 
R/(xeR[x] n R) by the images of 1, x, x2, . . . , xe- ‘, Eakin’s theorem [13, p. 263, 
Corollary] shows that R/(xeR[x] n R) is also Noetherian, and hence so is its factor 
ring R/Pte). Cl 
3.4. Proposition. Let (R, M) be a quasilocal Laskerian domain. Then R is 
Noetherian if either: 
(a) all the associated primes of some (nonzero, nonunit) principal ideal satisfy 
Nishimura’s conditions; or 
(b) R is strongly Laskerian and all the associated primes of some ideal contained 
in M2 satisfy Nishimura’s conditions. 
Proof. By [l, Theorem 4.11, it suffices to show that M is finitely generated. (a) Sup- 
pose Ass(R/bR) = (PI, . . . , P,} and each Pi satisfies Nishimura’s conditions. Then 
bR is an intersection of symbolic powers of the Pi’s, and so R/bR is embedded in 
the direct sum T of the factor rings of R by these symbolic powers. Since each of 
these factor rings is Noetherian by the lemma, T is also Noetherian; and since T is 
finitely generated over R/bR (by the images of 1 in the summands), R/bR is 
Noetherian by Eakin’s theorem. Since M/bR is finitely generated, so is M. 
(b) Since R has Noetherian spectrum, A4 is the radical of a finitely generated ideal 
I, and Z contains a power of M by hypothesis. Now arguing as in (a), R/M2 is 
Noetherian, and a (finite) set S of preimages of an R/M-basis for M/M2 generates 
M/Me for every positive integer e (by the ‘strong form of Nakayama’s lemma’ [13, 
p. 212, Lemma], for instance). Thus S and Z together generate M. III 
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The domain T” of [14, p. 207, Example 41 is such that its localizations at and fac- 
tors by height one primes are all Noetherian, but T” is not Noetherian. However, 
T” is not Laskerian [5, Section 41; so we wonder whether replacing, in Nishimura’s 
result, the hypothesis “Rp is a DVR” with “Rp is Noetherian” and adding some 
Laskerian hypothesis will guarantee that R is Noetherian. 
3.5. Corollary. Let R be a two-dimensional domain with the properties that R/P is 
an N-domain for overrings for every prime P in R and R is the intersection of its 
iocalizations at height one primes. If, for all but finitely many of the height one 
primes P of R, RP is a discrete rank one valuation ring, then R is Noetherian. 
Proof. By [9, Proposition], it suffices to show that RP is Noetherian for every 
prime ideal P in R. If P has height one, this follows from [4, Theorem 3.31, so 
assume P=M is a height 2 maximal ideal. Let b be an element of M not in any of 
the height one primes at which the localizations of R are not DVR’s. Since R is the 
intersection of its localizations at height one primes, bR is an intersection of 
primaries to height one primes; and these primes all satisfy Nishimura’s conditions. 
So as in the proof of Proposition 3.4(a), R/bR is Noetherian. Thus M is finitely 
generated, and by [l, Theorem 4.13, this implies R, is Noetherian. 0 
4. Complements and questions 
In this section we note some connections (or lack of connections) between the con- 
cept of N-ring and other concepts which have appeared in the literature, and we pose 
some questions on N-rings and related ideas. 
The basic result of [6] is that a ring R is an N-ring if and only if, for each ideal 
I of R, the set of ideals of the form Z : J, where J varies over all ideals of R, satisfies 
the ascending chain condition. This latter condition, which we abbreviated to ‘ACC 
on colons’, is equivalent to the condition that all the factor rings R/Z of R satisfy 
the ACC on annihilator ideals. It is noted in [2] that a domain R is ‘Mori’ (i.e., has 
ACC on divisorial ideals) if and only if all factor rings of R by nonzero principal 
ideals satisfy ACC on annihilators. So clearly a domain which is an N-ring is Mori. 
If we weaken the hypothesis of N-ring to that of Laskerian ring, however, we see 
that these lines of inquiry diverge: 
4.1. Examples. (a) Any Krull domain with non-Noetherian spectrum ( a polynomial 
ring in infinitely many indeterminates over a field, for instance) is Mori but not 
Laskerian. 
(b) Let V be a nondiscrete rank one valuation ring with associated valuation o; 
suppose I’ can be written in the form K+ M when M is the maximal ideal of V and 
K is a field. Let P denote the set consisting of 0 and all elements of V of value at 
least one, and set R = K + P. Then R is a strongly Laskerian domain which is not 
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Mori. It is easy to see that R is strongly Laskerian, since if an ideal I has a nonzero 
element of value r, then Pr+’ is contained in I. To see that R is not Mori, let A, 
be the ideal consisting of 0 and all elements of value at least 1 + (l/n). Then clearly 
A,<&<...; we claim A, is divisorial: Let b be in R -A, and pick x in the quo- 
tient field of R with value strictly between -l/n and 1 - o(b). Then A,x is in P and 
so in R, but o(bx) is strictly between 0 and 1, so bx is not in R. Thus b is not in 
(A-‘)-‘. 0 
Before we abandon the theme of Mori domains, let us note: 
4.2. Proposition. A locally finite intersection of Noetherian domains (in a common 
field) is Mori. 
Proof. Let R be the intersection of the Noetherian domains Di, and let J be a 
nonzero divisorial ideal in R, i.e., J is an intersection of principal fractional ideals 
bR. Then 
J=nbR=nbRr)Di=nn(bDi)=nnbDi=nJDi, 
b b i b i i b i 
and for all but finitely many i, JDi =Di; so we may assume the last intersection is 
finite. Thus an ascending chain of divisorial ideals in R gives rise to ascending chains 
of ideals in finitely many Noetherian domains; when they have all stabilized, so has 
the original chain. Cl 
In [l 11, Kerr displays a ring having ACC on annihilators but in which there is.no 
uniform bound on the lengths of chains of annihilator ideals. This ring cannot be 
embedded in a Noetherian ring. For, if it could, it could be embedded in an Artinian 
ring [4, Proposition 2.61; and since annihilator ideals are contracted from every ex- 
tension ring, the length of that Artinian ring would be such a bound. (Thus, Kerr’s 
ring provides a negative answer to [7, p. 1288, question 61.) But an N-ring does have 
a uniform bound on the lengths of chains of annihilator ideals. Moreover, if R is 
a zero-dimensional N-ring, then it has an ideal I of square zero such that R/I has 
finite length. It follows from the proof of 16, Lemma 2.21 that twice that length is 
a bound on the length of all chains of ideals A : B1 <A : B2 < -.. where A, BI, B2, . . . 
are ideals of R. (Note that for a ring of higher dimension, there is no such uniform 
bound independent of the ‘fixed’ ideal A, even if the ring is Noetherian.) 
A last comment, in counterpoint to the results of Section 3 on Noetherian descent, 
a result on N-ring ascent: 
4.3. Remark. If (R, M), (T, N) are one-dimensional quasilocal domains with R con- 
tained in T, N Tr R = M, T/MT a finite R-module, and R an N-ring, then T is an N- 
ring. 
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Proof. It suffices to show that, for each nonzero c in N, T/CT is an N-ring. Since 
cTnR #O, some power M” of M is contained in cTnR, and then T/CT is a 
Hausdorff module over the complete quasilocal ring R/M”. By [13, p. 212, Lem- 
ma], T/CT is a finite R-module, so by [6, Corollary 2.41 T/CT is an N-ring. Cl 
We conclude with some questions: 
(Ql) The question of whether an N-domain must be Noetherian remains open; 
the best positive result of which we are aware is that a one-dimensional N-domain 
for overrings is Noetherian [4, Theorem 3.31. Suppose R is a domain with the pro- 
perty that each ideal is contracted from some Noetherian domain T. Must R be 
Noetherian if all the 7’ are required to be finitely generated as R-algebras, or 
algebraic over R, or both; or if all the T are required to be finitely generated R- 
algebras inside the quotient field of R? Perhaps a hypothesis limiting the dimension 
will again be useful. Here is a partial result in this direction: 
4.4. Remark. Let R be a one-dimensional domain. If there is a Noetherian domain 
which is finitely generated as an R-algebra, is algebraic over R, and meets the quo- 
tient field of R in R itself, then R is Noetherian. 
Proof. Let K be the quotient field and T the domain in the hypothesis. It will suffice 
to show that, for each b in R - 0, R/bR is Noetherian; and, since T n K = R implies 
bTn R = bR, this will follow from Eakin’s theorem [13, p. 253, Corollary] if we 
can show T/bT is a finite integral extension of R/bR. Now a maximal ideal N of 
T meets R in a nonzero (since T is algebraic) and hence maximal ideal M. And 
localizing T at the multiplicative system R - A4 gives a G-domain (algebraic over the 
G-domain R,) which is Noetherian; so [ 10, Theorem 1461 shows that dim T= 1. 
Thus T/bT modulo its nilradical is a finite direct sum of fields T/N which are 
finitely generated and hence finite algebraic over fields R/A4 where A4 is a maximal 
ideal containing b. Any element c in T/bT has image in the direct sum of T/N which 
is a root of a manic polynomial f with coefficients in R/bR; i.e., f(c)” = 0 for some 
positive integer n. But this means T/bT is integral, and it is clearly finite, over 
R/bR. 0 
(Q2) It is not clear that a factor ring of an N-domain by a prime ideal is again an 
N-domain (though it is an N-ring [4, Corollary 2.31). We have provisionally dubbed 
a domain all of whose factor domains are N-domains a ‘hereditary N-domain’. 
Must a hereditary N-domain be Noetherian? A place to start on this question may 
be with the following situation: Let (R, M) be a quasilocal, two-dimensional, in- 
tegrally closed, hereditary N-domain. The complete integral closure R” of R is a 
Krull domain, and M is the conductor of R” into R and is a radical ideal of R” (cf. 
[6, Section 31). Is it possible that A4 may be contained in some height one prime of 
R”? 
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(43) In a general ring R, which ideals are contracted from some Noetherian exten- 
sion ring of R? (If R has a Noetherian extension ring, then each prime of R is con- 
tracted from a - perhaps larger - Noetherian extension.) In a general domain R, 
which ideals are contracted from some Noetherian extension domain of R? 
(44) If (R, M) is a quasilocal N-ring, then it is Hausdorff in the M-adic topology. 
Must its completion in this topology again be an N-ring? (If both R and its comple- 
tion are one-dimensional domains, then Remark 4.3 provides an affirmative 
answer .) 
(Q5) Of course, a finite integral extension of a Noetherian ring is a Noetherian ring, 
and N-rings share this property [6, Corollary 2.41. Must a domain which is a finite 
integral extension of an N-domain again be an N-domain? 
(Q6) Recall that, for a ring R and an indeterminate X, R(X) denotes the ring of frac- 
tions of R[X] whose denominators are all polynomials whose coefficients generate 
the unit ideal in R. Let us suppose that R is a one-dimensional domain that is 
Laskerian (i.e., a nonzero element is in at most finitely many maximal ideals). In 
[5, Proposition 2.101, it was noted that, if the conductor of the integral closure of 
R into R is nonzero, then R(X) is again Laskerian. If R is an N-ring, must it have 
valuative dimension one? If so, then R(X) has dimension one and we can use Pro- 
position 2.1(b) to see that R(X) is an N-ring. But we can also ask the weaker ques- 
tion: If R is a one-dimensional domain which is an N-ring must R(X) be an N-ring? 
Note added in proof 
S. Visweswaren has pointed out to us that, for K a field and X and Y indeter- 
minates, K+ X K[X, Y] is a strongly Laskerian, non-Noetherian domain in which 
all the height one primes satisfy Nishimura’s conditions. So the hypotheses in our 
Proposition 3.4(a) can not be relaxed to only height one primes. Also K. Langman 
[Math. Z. 124 (1972) 141-168, Satz 1.91 has independently proved [l, Theorem 4.31, 
the local version of which we have used above. 
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